
ar
X

iv
:c

on
d-

m
at

/0
10

63
71

 v
1 

  1
9 

Ju
n 

20
01 A Tube Model of Rubber Elasticity

S. Kutter and E.M. Terentjev �

CavendishLaboratory, University of Cambridge
Madingley Road, Cambridge CB3 0HE, U.K.

June 25, 2001

Abstract

Polymer entanglements lead to complicated topological constraints
and interactions between neighbouring chains in a densesolution or
melt. Entanglements can be treated in a mean �eld approach, within
the famous reptation model, since they e�ectiv ely con�ne each indi-
vidual chain in a tube-like geometry. In polymer networks, due to
crosslinks preventing the reptation constraint release,entanglements
acquire a di�eren t topological meaning and have a much stronger ef-
fect on the resulting mechanical response. We apply the classical
ideas of reptation dynamics to calculate the e�ectiv e rubber-elastic
free energy of an entangled rubbery network. We then compare the
results with other theoretical approachesand establish a particularly
close mapping with the hoop-model, with equally good description
of experimental data. The present consistent reptation theory allows
further development of dynamic theory of stressrelaxation.

PACS numbers:
61.41.+e Polymers,elastomers,and plastics
62.20.Dc Elasticity, elastic constants
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1 In tro duction

Rubbery polymer networksare highly complexdisorderedsystems.The sim-
plest theoretical models considerthem as being madeof \phantom chains",
whereeach polymer is modelledby a three-dimensionalrandomwalk in space.
To form a corresponding phantom network, the chainsarecrosslinkedto each
other at their end points, but do not interact otherwise, in particular, they
are able to 
uctuate freely betweencrosslinks.This has the unphysical con-
sequencethat the strands can passthrough each other. If one tries to avoid
this assumption,the theory is confronted with the intractable complexity of
entanglements and their topological constraints. The mean �eld treatment
of entangled polymer systemsis a now classicalreptation theory (de Gennes
1979;Doi & Edwards 1986),which had a spectacularsuccessin describinga
large variety of di�eren t physical e�ects in melts and semi-dilute solutions.
However, the parallel description of crosslinked rubbery networks has been
much lesssuccessful.First of all, onehasto appreciatea signi�cant di�erence
in the entanglement topology: in a polymer melt the con�ning chain has to
be long enoughto form a topological knot around a chosenpolymer; even
then the constraint is only dynamical and can be releasedby a reptation
di�usion along the chain path. In a crosslinked network, any loop around a
chosenstrand becomesan entanglement, which could be mobile but cannot
be releasedaltogether. A number of other complexitiesarise from possible
nematic interactions betweenrigid chain segments (Abramchuk et al. 1989;
Bladon& Warner1993)and from the couplingbetweenimposeddeformations
and chain anisotropy known as the stress-opticale�ects (Jarry & Monnerie
1979;Deloche & Samulski 1981,Doi et al. 1989).

An early model of elastic responseof entangled rubbers was developed
by Edwards (1977): in tradition with the melt theory, it assumedthat the
presenceof neighbouring strands in a densenetwork e�ectiv ely con�nes a
particular polymer strand to a tube, whoseaxis de�nes the primitiv e path,
seeFig. 1. Within this tube, the polymer is free to exploreall possiblecon-
�gurations, performing random excursions,parallel and perpendicular to the
axis of the tube. One can show that on deformation the length of the prim-
itiv e path increases. Since the arc length of the polymer is constant, the
amount of chain available for perpendicular excursionsis reduced, leading
to a reduction in entropy and henceto an increasein free energy. However,
the particular calculation in Edwards (1977)hasa number of shortcomings;
perhapsthe main limitation is that oneonly looks at the entropy reduction
associated with the overall changeof primitiv e path contour length on de-
formation, ignoring the essential mechanismsof local reptation and segment
re-distribution betweendi�eren t tube segments.
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Gaylord and Douglas (GD) (1990) developed a simple \lo calisation
model" for rubbers, basedon scaling arguments. Each strand segment is
thought to be placedin a hard tube of a squarecross-section.Assumingthat
the deformationa�nely changesthe dimensionsof the tube, onecancalculate
the changein freeenergyof a network of chains,each con�ned in such a tube.
Ball, Doi, Edwards and Warner (BDEW) (1981)chosea completelydi�eren t
approach by introducing the \slip-link model": the e�ect of entanglements is
not consideredto be a permanent one,changingthe environment of a single
polymer strand asin the two modelspresented above, but rather leadingto a
local mobile con�nement site, a link betweentwo interwound strands,which
is able to \slip" up and down along both strands. In a further development
of this idea, Higgs and Ball (HB) (1989) adopted a similar approach, which
is however mathematically much simpler: the entanglements localisecertain
short segments of a particular strand to a small volume. Onecan model this
e�ect by describinga network strand asa freeGaussianrandom walk, which
is, however, forced to passthrough a certain number of hoops, which are
�xed in space. We shall �nd that the results of HB are very closeto ours,
in spite of a number of signi�cant di�erences in the physical model. This
mapping gives con�dence in the �nal expressionfor the rubber-elastic free
energyand the role of network entanglements in it.

In addition to the mentioned above, onecan �nd a variety of other theo-
retical models,someof which are discussedin the review article (Edwards &
Vilgis 1988). For instance,the constrainedjunction 
uctuation model (Flory
& Erman 1982),which assumesthat the entanglements primarily a�ect the

uctuation of the junction points. An overview of di�eren t models can be
found for example in the reviews by Heinrich et al. (1995) and Han et al.
(1999). All theoretical models,describingthe macroscopicequilibrium elas-
tic responseof denselyentangled rubbery networks, have a commonpurpose
{ to develop a physically consistent description depicting what one accepts
as a correct coarse-grainedmolecular behaviour { but also accounting for a
numberof experimental resultsshowing substantial deviationsin stress-strain
responsefrom the ideal phantom-network result � = � (� � 1=� 2) (Higgs &
Gaylord 1990). Up to now, no theory succeededon both of thesefronts.

In our current work, we develop a consistent implementation of the clas-
sical tube model to take into account the entanglement e�ects in crosslinked
polymer networks within the sameframework as in the polymer melt dy-
namics. We particularly focus on the entropy of internal reptation motion
and resulting re-distribution of chain segments along the tube in a deformed
state. The reptation tube model of entangled network strands provides a
moreaccuratedescription in the sensethat it keepstrack of the allocation of
chain segment excursionsin the tubes. In this way, our model closesan im-
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portant gapamongthe existing modelswith someunexpectedconsequences:
the model, although basedon existing ideas,analysesrubber elasticity in a
new way. The calculations, however, reveal that our results are very sim-
ilar to the onesof the HB model, which approaches rubber elasticity in a
di�eren t way. After brief recollectionof the principles of network theory on
the exampleof the ideal phantom network in the following section, section
3 introducesthe model and its properties in somedetail, and outlines the
derivation of the full expressionfor rubber-elasticfree energy. Section4 ex-
ploresthe propertiesof the full expression,examiningdi�eren t limiting cases,
as well as its linear-responselimit. We concludeby comparing the concepts
and the results of this work with previoustheories.

2 Classical phan tom chain net work

Before considering densely entangled rubber, we brie
y review the well-
known resultsof the phantom chain network theory, which providesthe basics
to most other theoretical models.

Assuming that a single polymer performs a free random walk in three
dimensions,one �nds that the end-to-end distance R 0 obeys a Gaussian
distribution in the long chain limit. This result goes back far in history:
one can review its derivation and consequencesin the classicaltext on this
subject (Doi & Edwards 1986). The distribution of R 0 is given by

P0(R 0) =
� 3

2� N b2

� 3=2

exp
�

�
3

2N b2
R 2

0

�

/ Z (R 0) = e� � F (R 0) ; (1)

whereb is the monomerstep length and N the number of stepsof the chain
tra jectory. The entropic freeenergyof such a randomwalk, therefore,is given
by the logarithm of the number of conformationswith the �xed R 0 and has
the form � F = � ln P0(R 0) = 3

2N b2 R 2
0 + const, where� = 1=kB T the inverse

Boltzmann temperature. At formation of the network, i.e. at crosslinking,
each chain in the polymer melt obeys the distribution (1), which is then
permanently frozen in the network topology.

One then assumesthat the network junction points deform a�nely with
respect to their initial positions R 0 following the macroscopicdeformation
described by the tensor � ; hencewe can write R = � R 0. Therefore, the
deformation � alters the free energyof each strand. The changeof entropic
free energy per chain of the whole network can be calculated by the usual
quenched averaging:

� F = �h ln P(R )i P (R 0 ) =
1
2

Tr(� T � ); (2)
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where we have dropped an irrelevant constant, arising as the logarithm of
the normalisation in (1). The overall elastic energydensity, in the �rst ap-
proximation, is simply (2) multiplied by the number of elastically active
network strands in the systemnch per unit volume,which is proportional to
the crosslinkingdensity:

Felast =
1
2

� Tr
�
� T �

�
; with � = nchkB T: (3)

Threepositive remarkshaveto bemadein defenceof this simplemodel of
rubber elasticity. First, considerthe crosslinkingconnectingthe endpoints of
di�eren t polymer strands. Sincethe positions of end points of a singlechain

uctuate strongly, the junctions reducethese
uctuations and thereforealter
the singlechain statistics. However, in spite of an apparent complexity, this
e�ect merely introducesa multiplicativ efactor of the form 1� 2=� , where� is
the junction point functionalit y (seefor examplethe reviewby Flory (1976)).
Secondly, one can assumethat the deformation preservesthe volume, since
the bulk (compression)modulus is by a factor of at least 104 greater than
the shear modulus, which is proportional to � ; this implies the constraint
det � = 1. Thirdly , the quenched averagein equation (2) does not average
over chainsof di�eren t arc lengths,but the fact that the result is independent
of arc length, generalisesthe result to apply for chains of arbitrary length,
or even for a polydisperseensemble of chains.

As a result if oneconsiders,for example,a uniaxial extension� (by incom-
pressibility, the two perpendiculardirectionswill experiencean equalcontrac-
tion 1=

p
� ), the elastic energywould take the form Felast = 1

2 � (� 2 + 2=� ).
This then allowsus to calculatethe nominal stress,which is the forcedivided
by the areaof the undeformedcrosssection:

� phantom =
@F
@�

= �
�

� �
1
� 2

�

(4)

Commonly, onedrawsthe stress{straincurvesin the Mooney-Rivlin represen-
tation, which plots the reducedstressfunction f � = � =(� � 1=� 2) against1=�
(seeFig. 2 in the discussionbelow). This representation therefore indicates
the degreeof deviation from the simple phantom chain network behaviour.

3 Reptation theory of rubb er elasticit y

Following the original ideasof Edwards (1977),we assumethat each network
strand is limited in its lateral 
uctuations by the presenceof neighbouring
chains. Thereforeeach segment of a polymer only explorescon�gurations in
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a limited volume,which is much smaller than the spaceoccupiedby an ideal
random coil. Hence,the wholestrand 
uctuates around a certain tra jectory,
a mean path, which is called the primitiv e path in the reptation theory
(Edwards 1977). The most intuitiv e way to visualise such a tra jectory is
to imagine that the chain is made shorter and thus stretched between the
�xed crosslinkingpoints. The taut portions of the chain will form the broken
line of straight segments betweenthe points of entanglement, which restrict
the further tightening. This primitiv e path can be consideredas a random
walk with an associated typical step length, which is much bigger than the
polymer step length, as sketched in Fig. 1. The number of corresponding
tube segments M is determinedby the averagenumber of entanglements per
chain (the situation with no entanglements correspondsto M = 1).

E�ectiv ely, the real polymer is con�ned by the neighbouring chains to
exerciseits thermal motion only within a tube around the primitiv e path.
Note that all the chains are in constant thermal motion, altering the local
constraints they imposeon each other. Hence,the �xed tubeis a grosssimpli-
�cation of the real situation. However, oneexpectsthis to be an even better
approximation in rubber than in a corresponding melt (where the success
of reptation theory is undeniable), becausethe restriction on chain repta-
tion di�usion in a crosslinkednetwork eliminatesthe possibility of constraint
release.

To handle the tube constraint mathematically, we traditionally assume
that the chain segments are subjected to a quadratic potential, restricting
their motion transversely to the primitiv e path. Along one polymer strand
consistingof N monomersof e�ectiv e step length b, there are M tube seg-
ments, each containing sm ; m = 1; : : : ; M monomer steps. We infer the
obvious condition

MX

m=1

sm = N: (5)

In e�ect, one has two random walks: the topologically �xed primitiv e path
and the polymer chain restricted to move around it { both having the same
end-to-endvector R 0, betweenthe connectedcrosslinkingpoints.

Each tubesegment m canbedescribedby the spanvector � m , joining the
equilibrium positions of the strand monomersat the two endsof each tube
segments. The number of tube segments M (or, equivalently , the nodes of
the primitiv e path) is a free parameterof the theory, ultimately determined
by the length of each polymer strand and the entanglement density.

Since the primitiv e path is a topologically frozen characteristic of each
network strand, we shall assumethat all primitiv e path spans� m deform
a�nely with the macroscopicstrain: � 0

m = � � m . This is the central point
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Figure 1: A polymer strand is surrounded by neighbouring chains, which
e�ectiv ely con�ne the strand to a tube. The tube segment m, with the span
vector � m along its axis, contains sm monomersteps,wherem runs from 1
to M .

in the model: the rubber elastic responsewill arisedue to the changein the
number of polymer con�gurations in a distorted primitiv e path. To evaluate
the number of conformations,we look separatelyat chain excursionsparallel
and perpendicular to the tube axis, along each span � m . E�ectiv ely, this
amounts to introducing a newcoordinate systemfor each tube segment, with
onepreferredaxis along � m . In this direction onerecoversthe behaviour of
a free random walk, giving rise to a one-dimensionalGaussianstatistics in
the long chain limit. Note that only one third of the stepssm in this tube
segment would be involved in such parallel (longitudinal) excursions. We
thereforeobtain for the number of parallel excursionsin a tube segment m:

W k
m /

1
q

sm=3
exp

 

�
1

2b2(sm=3)
� 2

m

!

: (6)

To determine the number of perpendicular (transverse)excursions,one
can introducethe Green'sfunction for the perpendicular stepsmadeby the
chain. In e�ect, we considera two-dimensionalrandom walk, with a total
number of steps(2sm =3), in a centrosymmetric quadratic potential. For each
of these two perpendicular coordinates, the Green's function satis�es the
following modi�ed di�usion equation (seee.g. Doi & Edwards 1986):

 
@
@s

�
b2

2
@2

@x2
f

+
q2

0

2
x2

f

!

G(x i ; x f ; s) = � (x f � x i )� (s); (7)

where the x i and x f are the initial and �nal coordinates of the random
walk with respect to the tube axis and q0 determines the strength of the
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con�ning potential. This is an essential parameterof many reptation theories,
directly related to the tube diameter a. Many discussionscan be found
in the literature regarding, for instance, the possibledependenceof a on
entanglement density and the possiblechangein a on deformation. However,
we shall �nd that the potential strength q0 doesnot enter the �nal rubber-
elastic energy, in an approximation that we expect to hold for a majorit y of
cases.Such a universality resembles the situation with phantom networks,
wheremany chain parametersdo not contribute to the �nal results.

The equation (7) is very common in the physics of polymers and its
exact solution is known. However, we only need to consider a particular
limit q0bsm � 1 of this solution, which is the caseof denseentanglements
(resulting in a strong con�ning potential) and/or of a large number sm of
monomerscon�ned in the tube segment. Outside this limit, that is, when
the tube diameter is the sameorder as the arc length of the con�ned chain,
the whole conceptof chain entanglements becomesirrelevant. In the caseof
our present interest, that is, in the strongly con�ned limit, the solution has
a particularly simple form, see(Edwards (1977),

Gm (x i ; x f ; sm ) / exp
�

�
q0

2b
(x2

i + x2
f ) �

1
6

q0bsm

�

: (8)

Remembering that there are two coordinates describing the transverseex-
cursions, we obtain for the two-dimensionalGreen's function of the tube
segment m:

Gm (r i ; r f ; sm ) / exp
�

�
1
3

q0bsm

�

exp
�

�
q0

2b
(r 2

i + r 2
f )

�

; (9)

where r i and r f are the initial and �nal transversetwo-dimensionalcoordi-
nates.

The total number of transverse excursionsis proportional to the inte-
grated Green'sfunction:

W ?
m /

Z
dr i

Z
dr f Gm (r i ; r f ; sm ):

Since the Green's function in the approximation (9) does not couple the
initial or �nal coordinates to the number of segments sm , this integration
will only producea constant normalisation factor which can be discarded.

Gathering the expressionsfor statistical weights of parallel and perpen-
dicular excursions,we obtain the total number of con�gurations of a polymer
segment consistingof sm monomersin a tube segment of span � m :

Wm = W k
mW ?

m /
1

p
sm

exp
�

�
3

2b2sm
� 2

m �
1
3

q0bsm

�

: (10)
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Therefore,we �nd for the full number of con�gurations of the whole strand
by summing over all M steps of the primitiv e path and integrating over
the remaining degreesof freedom,the number of polymer segments con�ned
betweeneach node of the tube:

W =
NZ

0

ds1 � � �
NZ

0

dsM

 MY

m=1

Wm

!

�

 MX

m=1

sm � N

!

; (11)

where the constraint (5) on the polymer contour length is implemented by
the delta-function. The statistical summation in (11) takesinto account the
reptation motion of the polymer betweenits two crosslinked ends,by which
the number of segments, sm , constrainedwithin each tube segment can be
changedand, thus, equilibrates for a given conformation of primitiv e path.

Rewriting the delta-function as� (x) = 1
2�

R
dk eikx , we proceedby �nding

the saddle points s�
m which make the exponent of the statistical sum (11)

stationary. It canbeveri�ed that the normalisationfactors1=
p

sm contribute
only as a small correction to the saddlepoints

s�
m �

 
3� 2

m

2b2( 1
3q0b+ ik)

! 1=2

: (12)

The integral in (11) is consequently approximated by the steepest descent
method. We repeat the sameprocedurefor the integration of the auxiliary
variable k, responsible for the conservation of the polymer arc length. The
saddlepoint value k� , inserted back into (12), givesthe equilibrium number
of polymer segments con�ned within a tube segment with the span vector
� m :

sm =
N � m

P M
m=1 � m

; (13)

where � m = j� m j is the length of the m-th step of the primitiv e path.
We �nally obtain the total number of con�gurations of onestrand, con�ned
within a tube whoseprimitiv epath is described by the set of vectorsf � mg.
The statistical weight W associated with this state is proportional to the
probabilit y distribution:

W(� 1; : : : ; � M ) / P(f � mg) / e� 1
3 q0bN

exp
�

� 3
2b2N

� P M
m=1 � m

� 2
�

� P M
m=1 � m

� M � 1 : (14)

This expressionis a result corresponding to the ideal GaussianP0(R 0) in
equation(1) for a non-entangled phantom chain. Note that the chain end-to-
enddistanceR 0 is alsothe end-to-enddistanceof the primitiv epath random
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walk of variable-length steps:
P M

m=1 � m = R 0. The probabilit y distribution
P(f � mg) for a chain con�ned in a reptation tube is reminiscent of a normal
Gaussian,but is in fact signi�cantly di�eren t in the form of the exponent
and the denominator (note the modulus of the tube segment vector � m ).

From equation (14) we obtain the formal expressionfor free energy of
a chain con�ned to a tube with the primitiv e path conformation f � mg,
which implicitly depends on the end-to-end vector R 0 (the separation be-
tweencrosslinkpoints):

� F =
3

2b2N

 MX

m=1

� m

! 2

+ (M � 1) ln

 MX

m=1

� m

!

; (15)

4 Free energy of deformations

We now perform a procedure which is analogousto the one used to ob-
tain equation (2). In the polymer melt before crosslinking, the ensemble
of chains obeys the distribution in (14) giving the free energy per strand
(15). The processof crosslinkingnot only quenchesthe end points of each
of the crosslinked strands,but alsoquenchesthe nodesof the primitiv epath
� m , since the crosslinked chains cannot disentangle due to the �xed net-
work topology. In our mean�eld approach, the tube segments described by
� m are conserved,although they may be deformedby the strains applied to
the network. For evaluating the quenched average,note that the statistical
weight (14) treats the tube segments m in a symmetric way. This allows us
to perform the explicit summation over the index m:

� F =

*
3

2b2N

 MX

m=1

� m

! 2

+ (M � 1) ln

 MX

m=1

� m

!+

=
3

2b2N

�

M
�

� 2
m

�

+ M (M � 1)
�

� m � n

��

+( M � 1)

*

ln

 MX

m=1

� m

!+

; (16)

where,in the secondterm, m and n 6= m arearbitrary indicesof the primitiv e
path steps. The bracketsh�� �i refer to the averagewith respect to the weight
P(f � mg) given in (14).

Furthermore, note that any a�ne deformation � transforms the vectors
� m into �

0

m = � � m and, hence,their lengths� m = j� m j into �
0

m = j� � m j,
but leaves the quenched distribution P(f � mg) unchanged. Bearing this in
mind, we can evaluate the averages(16), leadingto the freeenergyper chain
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of the crosslinked network. The Appendix givesa more detailed account of
how one evaluates the averages. The resulting averageelastic energyden-
sity also incorporatesthe density of crosslinked chains in the systemby the
constant � = nchkB T:

Felast =
2
3

�
2M + 1
3M + 1

Tr(� T � ) (17)

+
3
2

� (M � 1)
2M + 1
3M + 1

(j� j)2 + � (M � 1)ln j� j;

wherethe following notations are employed:

j� j =
1

4�

Z

jej=1
d
 j� ej (18)

ln j� j =
1

4�

Z

jej=1
d
 ln j� ej: (19)

The notation � � � refersto the angular integration over a unit vector e.
In the caseof uniaxial deformation, where � takesa diagonal form with

� k = � and � ? = 1=
p

� , the expressions(18) and(19) can be calculated
explicitly . The Appendix contains the formulae(equations(22) - (24)), which
needto be insertedinto (17) to give the full rubber-elasticenergydensity. In
the small deformation limit, where � = 1 + ", expression(17) immediately
leadsto the Young'smodulus E in Fext � 1

2E"2 after noting that

Tr( � T � ) � 3 + 3 "2

j� j � 1 +
2
5

"2

ln j� j �
3
10

"2:

For small simple shear,we can write the matrix � as � ij = � ij + "u ivj ,
where u and v are two orthogonal unit vectors. As expected, the shear
modulus G in Fshear � 1

2G"2 is onethird of the Young'smodulus E:

G =
1
3

E = �
� 4

3
�

2M + 1
3M + 1

+
1
5

(M � 1) �
11M + 5
3M + 1

�

: (20)

We point out that the expression(17) is nearly identical to the rub-
ber elastic free energydensity obtained by Higgs and Ball (1989), although
they start from a completely di�eren t set of physical and assumptionsand
mathematical framework. In HB, the entanglements make the strands to
interact with each other only at certain points. This is modelled by forcing
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the individual strands to pass through a certain number of hoops. They
e�ectiv ely divide the polymer strand into segments, each performing a three-
dimensional phantom random walk. In this approach, the entanglements
only exert constraints at points and allow the polymer to obey free Gaus-
sian statistics betweenthese interaction points. Nevertheless,the apparent
identit y of the �nal expressionfor the rubber-elastic free energydensity is
a comforting re
ection of consistencyin underlying physical conceptsand
the mathematical treatment of both models. The internal similarit y of the
models arisesfrom the treatment of local chain reptation, equilibrating the
distribution of its segments betweenthe nodesof primitiv e path, beforeand
after the deformation.

From the expression(17), we can recover the ordinary free energyof a
phantom chain network by taking the caseM = 1: Felast = 1

2 � Tr( � T � ).
This limit meansphysically that the polymer strand is placed in one single
tube, tightly con�ned to the axis. Mathematically, a random walk in three
dimensionswith the total of N steps is equivalent to a random walk in
one dimension along a given direction � , with N=3 steps, while the two
perpendicularexcursionsin a tightly con�ning potential do not contribute to
the global elastic response.This fact is the underlying reasonwhy we recover
the phantom chain network result by taking M = 1 in our model. Of course,
in a parallel \hoop model" of HB the caseM = 1 simply meansthat there
are no constraints.

On the other hand, as the number of tube segments M becomesvery
large, we obtain a rubber-elasticelastic energyof the form

Felast = � M
�

(j� j)2 + ln j� j
�

: (21)

There are two ways to arrive at this limit of M � 1 in a real physical
situation: either the polymer melt is very dense,causinga high entanglement
density, or the polymer chain is very long. In the latter case,the polymer
strand experiencesmany con�ning entanglements along its path.

Recall that the Felast is the elastic energy density, which relates to the
freeenergyper chain, such asthe eq. (15), and is proportional to the density
of elastic strands in the system: Felast / � = nchkB T, where nch is the
number of crosslinked strands per unit volume. We can assumethat in a
melt, or a semidilute solution, the chain density is inverselyproportional to
the volume of an averagechain, henceinversely proportional to the chain
contour length: nch / 1=L. In the caseof phantom network with a free
energyFelast = 1

2� Tr(� T � ), oneconcludethat Felast ! 0 asthe chainsbecome
in�nitely long! This unphysical result re
ects the fact that the phantom
chain model assumesthe entanglement interactions of the chains irrelevant.
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Clearly, this assumptionsbreaks down in the long chain limit, where we
expect the entanglements to play a crucial role.

This unphysical feature of phantom network model is overcomeby our
expression(21). As the strands becomelonger, they will experiencemore
entanglements, generating more primitiv e path nodes and con�ning tube
segments. One can assumethat the number of entanglements scaleslinearly
with the strand length L: M / L, in fact: M = N=Ne with Ne the char-
acteristic entanglement length, essentially the averageof s�

m . Considering
expression(21), with nch = 1=vmonomerN (the inversevolume of the chain in
a melt), wenote that the correspondingelasticfreeenergyFelast doesnot van-
ish in the limit L ! 1 . At M � 1 the constant plateau modulus becomes
�M = kB T=vmonomerNe. As one expects, in an entangled polymer system
there is no real di�erence betweenthe network and the melt and they both
have the sameplateau modulus { with the corollary that the entanglement
length Ne must be much smaller in the permanently crosslinked network.

5 Conclusion

In this present work, we have analysedthe behaviour of a polymer network
in presenceof entanglements, which are treated within a classicalmean-�eld
tubemodel. Wefound that this leadsto an elasticenergywhich is identical to
the onederived in the hoop model of HB (Higgs & Ball 1989). We claim that
our model captures the physicsof entanglements in a better way than HB,
sincethe entanglements at a microscopiclevel do not so much localise the
polymer at �xed points in spacealong its path, but rather impedethe chain

uctuations on a length scalewhich is much larger than the sizeof monomers.
This is due to the fact that the entanglements are causedby neighbouring
strands, which likewise
uctuate. In this sense,our model provides a �rmer
ground of the theoretically known and experimentally tested results.

Since our results for the isotropic rubber are identical to the onesby
HB and theirs have been extensively comparedwith experimental data in
a review by Higgs & Gaylord (1990), we do not need to include a similar
comparisonhere. We only remark that the theoretically predicted curve for
the reducedstressfunction f � agreeswith the experimental data to a good
level, seeFig. 2.

Our model only describesthe equilibrium responseof a network to defor-
mation. Shortly after applying the deformation, traditionally assumeda�ne
on the level of primitiv epath segments, the network �nds its chains far from
the microscopicequilibrium. Each strand then redistributes its monomers
between the deformed the tube segments, attributing more monomersto
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Figure 2: The Mooney-Rivlin plot: the reduced stress function f � =
� =(� � 1=� 2) plotted against 1=� . Data points from the analysis of ref.
(Gaylord & Douglas1990)are �tted by the result arising from full rubber-
elasticenergy(17). Fitting indicates that M � 1 and the equation (21) is a
good approximation.

somesegments, lessto others. This processproceedsvia the local reptation,
the sliding motion along the primitiv e path, and would be re
ected by a
time dependenceof the variable sm . This number of monomersattributed
to the tube segment m is changing, after the deformation, between a the
initial value s�

m in the Eq. (13) and the corresponding saddle-point value at
� 0

m = j� � m j. By describingthe associated relaxation process,our model can
be naturally extendedto describe the short-time viscoelastic responseof an
ideal crosslinked network (with no loops and dangling ends, leading to long
relaxation of stress);the characteristic time of such a reptation dynamics is
the Rousetime, sincethe dominant processis the monomerdi�usion along
the principal path.

Weappreciatemany valuablediscussionswith S.F. Edwards. S.K. grate-
fully acknowledgessupport from an OverseasResearch Scholarship, from the
Cambridge OverseasTrust and from Corpus Christi College.

Evaluation of quenched averages h� m� ni and
hln(P � m)i

To evaluate the thermodynamic averageh� m � n i , m; n = 1; : : : ; N in the
generalcase,one needsto average� m � n = j� m jj � n j with the probabilit y
distribution given by Eq. (14). For this purpose,one �rst has to �nd the
normalisation N̂ of the distribution, which can most easily be achieved by
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introducing a new scalarvariable u =
P M

m=1 � m to simplify the exponent of
this distribution:

N̂ =
MY

m=1

Z
d� m

exp
�

� 3
2b2N

� P M
m=1 � m

� 2
�

(
P

� m )M � 1

=
MY

m=1

Z
d� m

1Z

0

du �

 

u �
MX

m=1

� m

!
e� 3

2b2 N
u2

uM � 1

= (4� )M
1Z

0

du
e� 3

2b2N
u2

uM � 1

uZ

0

d� 1� 2
1

u� � 1Z

0

d� 2� 2
2 � � �

u� ::: � � M � 2Z

0

d� M � 1� 2
M � 1 � (u � � 1 � : : : � � M � 1)2

In the last step, we introduced spherical coordinates for the variables � m ,
implemented the constraint u =

P
� m and usedthe fact that the variables

� m are bound to be positive. The underlined expressionis a function of
u, which we call I M (u). Since the integrals only involve power functions,
I M (u) itself is a power in u, whoseorder can be determinedby counting the
dimensions:

I M (u) =
1

X M
u3M � 1:

After noting the recursivestructure of I M (u), onecan�nd a recursionrelation
for the coe�cien ts X M :

X M +1 =
1
2

3M (3M + 1)(3M + 2)X M :

Since I M =1 (u) = u2, all coe�cien ts X M and henceall functions I M (u) are
known. The remaining integration of u is a standard Gaussianintegral.

Having obtained the normalisation constant N̂ , we can proceedto calcu-
late the averagesh� m � n i . The calculationsarevery similar to the above one
for N̂ ; the only signi�cant di�erence is the angular part of the integration
which producesterms of the form 1

3Tr(� T � ) and j� j for the casem = n or
m 6= n respectively.

For the logarithmic term, onein fact �nds that only the angular integra-
tion yields relevant terms:

*

ln

 MX

m=1

� m

!+

=
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1

N̂

Z 1

0
du

e� 3
2b2N

u2

uM � 1

Z u

0
d� 1� 2

1

Z u� � 1

0
d� 2� 2

2 � � �
Z u� :::� � M � 2

0
d� M � 1� 2

M � 1 (u � � 1 � : : : � � M � 1)2

 MY

m=1

Z
d
 m

!

ln[� 1j� e1j + : : : + � M � 1j� eM � 1j

+( u � � 1 � : : : � � M � 1)j� eM j]

with the unit vector em speci�es the (arbitrary) orientation of the corre-
sponding tube segment � m . Then oneobserves:

ln
h
� 1j� e1j + : : : + � M � 1j� eM � 1j + (u � � 1 � : : : � � M � 1)j� eM j

i

= ln[u] + ln[j� eM j] + ln

"

1 +
M � 1X

m=1

 
j� em j
j� eM j

� 1

!
� m

u
| {z }

small sinceu�j � m j

#

� ln[j� eM j] + const:

In caseof uniaxial deformation, the evaluation of Tr(� T � ), j� j and ln j� j,
cf. equations(17) { (19) has beengiven elsewhere(Higgs & Gaylord 1990),
but for completenesswe state them hereas well:

Tr( � T � ) = � 2 +
1
�

(22)

j� j =
1
2

 

� +
1

2
p

�
p

� 3 � 1
ln

 
� 3=2 +

p
� 3 � 1

� 3=2 �
p

� 3 � 1

! !

(23)

ln( j� j) = ln(� ) � 1 +
arctan

p
� 3 � 1

p
� 3 � 1

; (24)
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