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Chapter 4

A tube model of rubber elasticity

Summary

Interactions betweenneighbouring chainsin a densesolution or melt lead to
polymer entanglemens and complicated topological constrains. Entangle-
merts can be treated in a mean eld approad, within the famousreptation
model, sincethey e®ectiely con ne ead individual chain in a tube-like ge-
ometry. In polymer networks, entanglemens acquire a di®eren topological
meaning due to crosslinkspreverting the reptation constrairt release,and
therefore have a much stronger e®ecton the resulting medanical response.
We apply the classicalideasof reptation dynamicsto calculate the e®ectie
rubber elastic free energy of an entangled rubbery network. We then com-
parethe resultswith other theoretical approatesand establisha particularly
closemapping with the hoop-madel, with equally good description of exper-
imental data. The preserted reptation theory allows further dewvelopmen of
dynamic theory of stressrelaxation.
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4.1 Intro duction

Rubbery polymer networks are highly complexdisorderedsystems.The sim-

plest theoretical models considerthem as being made of \phantom chains”

whereead polymeris modelledby athree-dimensionarandomwalk in space.
To form a correspnding phantom network, the chainsare crosslinkedto eat

other at their end points, but do not interact otherwise,in particular, they

are able to °uctuate freely betweencrosslinks. This hasthe unphysical con-
sequencedhat the strands can passthrough ead other. If onetries to avoid

this assumption, the theory is confrorted with the intractable complexity

of ertanglemerts and their topological constrairts. The mean eld treat-

mert of entangled polymer systemsis a now classicalreptation theory [1,2],

which was successfuln describinga large variety of di®eren physical e®ects
in melts and semi-dilute solutions. Howewer, the analogousdescription of

crosslinked rubbery networks hasbeenmuch lesssuccessful First of all, one
hasto appreciatethe signi cant di®erencen the ertanglemert topology: in a

polymer melt the con ning chain hasto be long enoughto form a topological
knot around a chosenpolymer; even then the constrairt is only dynamical

and can be releasedby a reptation di®usion along the chain path. In a

crosslinked network, any loop around a chosenstrand becomesa permanern

ertanglemen, which could be mobile but cannot be releasedaltogether.

An early model of elasticresponseof ertangled rubberswas developed by
Edwards [3]: in tradition with the melt theory, it assumedhat the presence
of neighbouring strands in a densenetwork e®ectiely con nes a particular
polymer strand to a tube, whoseaxis de nesthe primitive path. Within this
tube, the polymer is free to explore all possiblecon gurations, performing
random excursions,parallel and perpendicular to the axis of the tube. One
can shav that on deformation the length of the primitiv e path increases.
Sincethe arc length of the polymer is constart, the amourt of chain available
for perpendicularexcursionss reduced,leadingto a reductionin ertropy and
henceto anincreasein freeenergy Howewer, the particular calculationin [3]
has a number of shortcomings;perhapsthe main limitation is that oneonly
looks at the ertropy reduction assaiated with the overall changeof primitiv e
path cortour length on deformation, ignoring the essetial medanisms of
local reptation and segmeh re-distribution betweendi®eren tube segmets.
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Gaylord and Douglas (GD) [4] dewloped a simple \lo calisation model"
for rubbers, basedon scaling argumerts. Eadh strand segmen is thought
to be placedin a hard tube of a square cross-section. Assuming that the
deformation atnely changesthe dimensionsof the tube, one can calculate
the changein free energyof a network of chains, ead con nedin such atube.
Ball, Doi, Edwards and Warner (BDEW) [5] chosea completely di®erert
approad by introducing the \slip-link model": the e®ectof entanglemernts is
not consideredto be a permaner one, changingthe ervironment of a single
polymer strand asin the two modelspreserted above, but rather leadingto a
local mobile con nemert site, a link betweentwo interwound strands, which
is ableto \slip" up and down along both strands. In a further dewelopmert
of this idea, Higgs and Ball (HB) [6] adopted a similar approad, which is
howewver mathematically much simpler: the ertanglemerts localise certain
short segmets of a particular strand to a small volume. One can model this
e®ectby describinga network strand as a free Gaussianrandom walk, which
is, howewer, forced to passthrough a certain number of hoops, which are
“xed in space. We shall nd that the results of HB are very closeto ours,
in spite of a number of signi cant di®erencesn the physical model. This
mapping gives con dencein the nal expressionfor the rubber elastic free
energyand the role of network ertanglemerns in it.

In addition to the mertioned above, onecan nd a variety of other the-
oretical models, someof which are discussedin the review article [7]. For
instance, the constrainedjunction °uctuation model [8], which assumeghat
the entanglemens primarily a®ectthe °uctuation of the junction points. An
overview of di®erem modelscan be found for examplein the reviewsby Ru-
binstein and Panyukov [9], Mergell and Everaers[10], Everaers[11], Heinrich
et al. [12] and Han et al. [13]. All theoretical models, describingthe macro-
scopic equilibrium elastic response of denselyerntangled rubbery networks,
have a common purpose| to dewlop a physically consisten description
depicting what one acceptsas a correct coarse-grainednolecular behaviour
| but also accouring for a number of experimertal results shoving sub-
stantial deviationsin stress-strainresponsefrom the ideal phantom-network
result [14]. Up to now, no theory succeedean both of thesefronts.

We dewelop a consistet implemertation of the classicaltube model to
take into accoun the entanglemert e®ectsin crosslinked polymer networks
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within the sameframework asin the polymer melt dynamics. We particularly
focuson the entropy of internal reptation motion and resulting redistribution
of chain segmeits along the tube in a deformedstate. The reptation tube
model of entangled network strands provides a more accuratedescriptionin
the sensehat it keepstrack of the allocation of chain segmen excursionsin
the tubes. In this way, our model closesan important gap amongthe existing
models with someunexpected consequencesthe model, although basedon
existing ideas, analysesrubber elasticity in a new way. The calculations,
howewer, revealthat our resultsare very similar to the onesof the HB model,
which approadesrubber elasticity in a di®erer way.

After a brief recollectionof the principles of network theory on the exam-
ple of the ideal phantom network in the following section, section4.3 intro-
ducesthe model and its propertiesin somedetail, and outlines the derivation
of the full expressionfor rubber elastic free energy Section4.4 exploresthe
properties of the full expressiongxaminingdi®eren limiting casesaswell as
its linear-responselimit. We concludein section4.5 comparingthe concepts
and the results of this work with previoustheories.

4.2 Classical phantom chain network

Before considering densely erntangled rubber, we brie°y review the well-
known resultsof the phantom chain network theory, which providesthe basics
to most other theoretical models.

Assuming that a single polymer performs a free random walk in three
dimensions,one nds that the end-to-end distance Ry obeys a Gaussian
distribution in the long chain limit (seealso section2.2.1on p. 12). This
result goesbadk far in history: onecanreviewits derivation and consequences
in the classicaltext on this subject [2]. The distribution of R is given by

H [ H 1

Po(Ro) = TN exp | R2 | Z(Rg)=¢ FRI: (41)

2N a?
wherea is the monomerstep length and N the number of stepsof the chain
trajectory. The ertropic free energy of such a random walk, therefore, is
given by the logarithm of the number of conformationswith the xed R,

and hasthe form "F = j InPo(Ro) = 52;R3+ const,where™ = 1=kg T
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the inverse Boltzmann temperature. At formation of the network, i.e. at
crosslinking, ead chain in the polymer melt obeys the distribution (4.1),
which is then permanerly frozenin the network topology.

One then assumeghat the network junction points deform atnely with
respect to their initial positions R following the macroscopicdeformation
descrited by the matrix , ; hencewe can write R = | R,. Therefore, the
deformation ,_ alters the free energyof eat strand. The changeof ertropic
free energy per chain of the whole network can be calculated by the usual
quendted averaging (seealsosection3.3on p. 71):

— 5—

F=ihInP(R)ipry/ éTr ; (4.2)

where we have dropped an irrelevant constart, arising as the logarithm of
the normalisation in (4.1). The overall elastic energy density, in the rst
approximation, is simply (4.2) multiplied by the number of elastically active
network strandsin the systemng, per unit volume, which is proportional to
the crosslinkingdensity:

1 i T

Foast = 50 Tr with = ngkgT: (4.3)

Three positive remarkshave to be madein defenceof this simple model of
rubber elasticity. First, considerthe crosslinkingconnectingthe end points of
di®eren polymer strands. Sincethe positions of end points of a singlechain
°uctuate strongly, the junctions reducethese®uctuations and thereforealter
the single chain statistics. Howewer, in spite of an apparert complexity, this
e®ectmerely introducesa multiplicativ e factor of the form 1 2=A where
A is the junction point functionality (seefor example [15,16]). Secondly
one can assumethat the deformation presenesthe volume, sincethe bulk
(compression)modulus is by a factor of at least 10* greater than the shear
modulus, which is proportional to *; this implies the constrairt det, = 1.
Thirdly, the quended averagein equation (4.2) doesnot averageover chains
of di®eren arc lengths, but the fact that the result is independen of arc
length, generaliseghe result to apply for chains of arbitrary length, or even
for a polydisperseensenble of chains.

As a result, if one considers,for example, a uniaxial extension, (by
incompressibility, the two perpendicular directions will experiencean equal
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. P— .
corntraction 1= ), the elastic energywould take the form

1 i
Felast = 51 2+ 2=,

This then allows usto calculatethe nominal stress,which is the forcedivided
by the areaof the undeformedcrosssection:
@3 1

?/ﬁhantom = @ =1 i 2 (44)
Commonly, onedrawsthe stress{straincurvesin the Mooney-Rivlin represen-
tation, which plots the reducedstressfunction f ° = %=, i 1=,2) againsti=,
(see g. 4.2in the discussionbelow). This represemation thereforeindicates
the degreeof deviation from the simple phantom chain network behaviour.

4.3 Reptation theory of rubber elasticity

Following the original ideas of Edwards [3], we assumethat ead network
strand is limited in its lateral °uctuations by the presenceof neighbouring
chains. Thereforeeat segmen of a polymer only explorescon gurations in
a limited volume, which is much smallerthan the spaceoccupiedby an ideal
randomcoil. Hencethe wholestrand °uctuates arounda certain trajectory, a
meanpath, which is calledthe primitive path in the reptation theory [3]. The
most intuitiv e way to visualisesud a trajectory is to imaginethat the chain
is made shorter and thus stretched betweenthe xed crosslinking points.
The taut portions of the chain will form the broken line of straight segmers
betweenthe points of entanglemen, which restrict the further tightening.
This primitiv e path can be consideredas a random walk with an assaiated
typical step length, which is much bigger than the polymer step length,
as sketched in g. 4.1. The number of correspnding tube segmets M is
determinedby the averagenumber of entanglemerts per chain (the situation
with no entanglemeris correspndsto M = 1).

E®ectiwely, the real polymer is con ned by the neighbouring chains to
exerciseits thermal motion only within a tube around the primitiv e path.
Note that all the chains are in constart thermal motion, altering the local
constrairts they imposeon eat other. Hence,the xed tubeis a grosssimpli-
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Figure 4.1: A polymer strand is surroundedby neighbouring chains, which
e®ectiely con ne the strand to a tube. The tube segmeh m, with the span
vector ¢ ,, alongits axis, cortains s,, monomersteps,wherem runs from 1
to M.

“cation of the real situation. Howewer, one expectsthis to be an even better
approximation in rubber than in a correspnding melt (where the succesof
reptation theory is undeniable[2]), becausethe restriction on chain repta-
tion di®usionin a crosslinked network eliminatesthe possibility of constrairt
release.

To handle the tube constraint mathematically, we traditionally assume
that the chain segmets are subjected to a quadratic potertial, restricting
their motion transverselyto the primitiv e path. Along one polymer strand
consistingof N monomersof e®ectie step length a, there are M tube seg-
merts, ead cortaining Sy; m = 1;:::;M monomer steps. We infer the

obvious condition
b
Sm = N: (4.5)

m=1
In e®ect,one hastwo random walks: the topologically xed primitiv e path
and the polymer chain restricted to move around it { both having the same
end-to-endvector R o, betweenthe connectedcrosslinking points.

Ead tubesegmeh m canbedescribed by the spanvector ¢ ,, joining the
equilibrium positions of the strand monomersat the two endsof ead tube
segmets. The number of tube segmets M (or, equivalertly, the nodes of
the primitiv e path) is a free parameter of the theory, ultimately determined
by the length of ead polymer strand and the ertanglemen density.

Since the primitiv e path is a topologically frozen characteristic of ead
network strand, we shall assumethat all primitiv e path spans¢ ,, deform
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axnely with the macroscopicstrain: ¢ o = ..¢ m. This is the certral point
in the model: the rubber elastic responsewill arisedue to the changein the
number of polymer con gurations in a distorted primitiv e path. To evaluate
the number of conformations,we look separatelyat chain excursionsparallel
and perpendicular to the tube axis, along ead span ¢ ,,. E®ectiwely, this
amourts to introducing a new coordinate systemfor ead tube segmen with
one preferred axis along ¢ ,,. In this direction, one recovers the behaviour
of a free random walk, giving rise to one-dimensionalGaussianstatistics in
the long chain limit. Note that only onethird of the stepssy, in this tube
segmen would be involved in sud parallel (longitudinal) excursions. We
therefore obtain for the number of parallel excursionsin a tube segmen m:
H 1 1

1
k . 2 .
W/ p—s eXP i 53 —ay (s )¢ o (4.6)

To determine the number of perpendicular (transverse) excursions,one
can introduce the Green'sfunction for the perpendicular stepsmade by the
chain. In e®ect,we considera two-dimensionalrandom walk, with a total
number of steps(2s,=3), in a certrosymmetric quadratic potential. For eah
of these two perpendicular coordinates, the Green's function satis es the
following modi ed di®usionequation (seee.qg.[2]):

~

A !
2 2
gi %@% + %xf G(Xi;Xi;S) = HX; | Xi)H(S); 4.7)
wherethe x; and x; arethe initial and nal coordinates of the random walk
with respect to the tube axis and g, determinesthe strength of the con ning
potertial. This is an essetial parameterof many reptation theories,directly
relatedto the tube diameter. Many discussionganbe found in the literature
regarding, for instance, the possible dependenceof the tube diameter on
ertanglemer density and its possiblechangeon deformation. Howewer, we
shall nd that the potertial strength gy doesnot erter the nal rubber elastic
energy in an approximation that we expect to hold for a majority of cases.
Sud a universality resenbles the situation with phantom networks, where
many chain parametersdo not cortribute to the nal results.
The equation (4.7) is very commonin the physics of polymers and its
exact solution is known. Howewer, we only needto considerthe particular
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limit qpasn A 1 of this solution, which is the caseof denseentanglemerts
(resulting in a strong con ning potential) and/or of a large number s, of
monomerscon ned in the tube segmen Outside this limit, that is, when
the tube diameteris of the sameorder asthe arc length of the con ned chain,
the whole conceptof chain entanglemeris becomesdrrelevant. Moreover, the
typical dimension of the polymer segmen in a tube m is hRi » P R2i »
ap Sn. If the con nemert length 1= is much smaller than this typical
dimension ap Sm, e, 1= ¢ aIO Sm, the polymer is very strongly con ned
to the tube axis behaving like a sti® rod connectingthe end points of the
tube segmen We therefore restrict ourseles to the strong con nemert
limit 1=q, ¢ asm, but without reading the sti® rod behaviour in the regime
1=q ¢ ap Sn. In theselimits, our model in e®ectcapturesthe samephysics

asthe HB model [6].

In the caseof our presett interest, that is, in the strongly con ned limit
with the above caveat, the solution hasa particularly simple form, see[3],

: 1
g %

iy . I 2 2¢. 1 )
Gm(Xi;XtiSm) /| €Xp i - X{+X{ | =(aSy (4.8)
2a 6

Remenbering that there are two coordinates describing the transverse ex-

cursions, we obtain for the two-dimensional Green's function of the tube
segmen m:

o U. 1 I 3. Qi , 2¢, )
Gm(ri;re;sm) /! exp j éopasm exp i % re+re (4.9)

wherer; and r; are the initial and nal transversetwo-dimensionalcoordi-
nates.

The total number of transverse excursionsis proportional to the inte-
grated Green'sfunction:

Z Z
W2/ dri driGu(ri;re;sm):

Sincethe Green'sfunction in the appraximation (4.9) does not couple the
initial or nal coordinatesto the number of segmets s, this integration
will only producea constart normalisation factor which can be discarded.

Gathering the expressiondor statistical weights of parallel and perpen-
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dicular excursions we obtain the total number of con gurations of a polymer
segmen consistingof s;, monomersin a tube segmen of span¢ ,:
u 1
Wy, = WEW? [ pl—exp iid:zi }qoasm ; (4.10)
" mm Sm 2a?s, ™' 3 ' '
Therefore,we nd the full number of con gurations of the whole strand by
summing over all M steps of the primitiv e path and integrating over the
remaining degreesof freedom, the number of polymer segmeis con ned
betweeneadt node of the tube:
N N A ” I A i
W = ds; ¢¢¢ dsy W, =+ Smi N (4.11)

0 0 m=1 m=1

wherethe constrairt (4.5) on the polymer contour length is implemerted by
the delta-function. The statistical summation in (4.11) takesinto accourt
the reptation motion of the polymer betweenits two crosslinked ends, by
which the number of segmets, s, constrainedwithin ead tube segmenh
can be changedand, thus, equilibratesfor a given conformation of primitiv e
path.

R .
Rewriting the delta-function as+(x) = 5, dk €**, we proceedby nding

the saddlepoints s;, which make the exponert of the statistical sum (4.11)
stationary. It canbeveri ed that the normalisationfactors 1:p S, cortribute

only asa small correctionto the saddlepoints

H

ﬂ 1=2
S Va :

3¢ 2,
2a2(%opa+ ik)

(4.12)

The integral in (4.11) is consequetty approximated by the steepest de-
scert method. We repeat the sameprocedurefor the integration of the aux-
iliary variable k, responsiblefor the consenation of the polymer arc length.
The saddle point value k®, inserted bad into (4.12), givesthe equilibrium
number of polymer segmets con ned within a tube segmeh with the span
vector ¢ ,:

Sm = Py—— (4.13)

M )
m:l¢m

where¢ , = j¢ ,j is the length of the m-th step of the primitiv e path.
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We nally obtain the total number of con gurations of one strand, con-
‘ned within a tube whoseprimitiv e path is descrited by the set of vectors
f¢ ng. The statistical weight W assaiated with this state is proportional
to the probability distribution:

V] 3 'zﬂ
.3 M
. EXP i spn m=1 ¢m
W(¢ ;:i5;¢ )/ P(fE ng)/ e 3% =ae T
m=1 ¥ m

(4.14)

This expressions the correspnding result to the ideal Gaussiandistribution
Po(Ro) in equation (4.1) for a non-ertangled phantom chain. Note that the
chain end-to-enddistanceR g is alsothe end-to-enddistanceof the primitiv e
path randomwalk of variable-lengthsteps: mzl ¢ » = Ro. The probability
distribution P(f ¢ ,g) for a chain con ned in a reptation tube is reminiscert
of a normal Gaussian,but is in fact signi cantly di®eren in the form of the
exponert and the denominator (note the modulus ¢ ,,, of the tube segmen
vector ¢ ).

From equation (4.14) we obtain the formal expressionfor free energy
of a chain con ned to a tube with the primitiv e path conformationf¢ g,
which implicitly dependson the end-to-endvector R, (the separation be-
tweencrosslink points):

3 A)(/I I " #
“F = ¢m + (M 1)n Cm o (4.15)
28.2N m=1 m=1

4.4 Free energy of deformations

We now perform a procedurewhich is analogousto the one usedto obtain
equation (4.2). In the polymer melt before crosslinking, the ensenble of
chains obeys the distribution in (4.14) giving the free energy per strand
(4.15). The processof crosslinkingnot only quentesthe end points of eat
of the crosslinked strands, but alsoquendesthe nodesof the primitiv e path
¢ ., sincethe crosslinked chains cannot disertangle dueto the xed network
topology. In our mean eld approad, the tube segmets descriked by ¢ ,
are consened, although they may be deformed by the strains applied to
the network. For ewvaluating the quendied average,note that the statistical
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weight (4.14) treats the tube segmets m in a symmetric way. This allows
us to perform the explicit summation over the index m:

* A | n #+
_ 3 M ? N
F= o2y Sm *MiDn  ¢n (4.16)
m=1 m=1 * " #+
3 ,
3 - 2® - ® b
:2a2N M¢r, +MMj e, +(Mj 1 In ¢ :

where,in the seconderm, m andn 6 m arearbitrary indicesof the primitiv e
path steps. The brackets h@¢i referto the averagewith respectto the weight
P(f¢ w0g) givenin (4.14).

Furthermore, note that any atne deformation_ transformsthe vectors
¢, into ¢ = _¢, and, hence,their lengths ¢ , = j¢ nj into ¢, =
_:tl: m , but leavesthe quended distribution P (f¢ ,g) unchanged. Bearing
this in mind, we can evaluate the averages(4.16), leadingto the free energy
per chain of the crosslinked network. The appendix (p. 101) givesa more
detailed accournt of how one ewvaluates the averages. The resulting average
elastic energydensity also incorporatesthe density of crosslinked chains in
the systemby the constart * = nykg T:

2. 2M + 1 _ i ¢
= -1 T
Felast 3 A+ 1 T, L ) _(4.17)
3 2M+1 —2 —
+ -1 Mj1 + 1 (Mj DI ;
> Mi Dy = (M Din
wherethe following notations are employed:
_ Z _
-1 4 e (4.18)
= 4y, = '
_ ezl _
In - 1 d- In _e: (4.19)
= 4y i '
jej=1

The notation Tttrefersto the angular integration over a unit vector e: the
deformationmatrix ,_is appliedto the vectore, thenin eq. (4.18), the length
of the resulting vector ,_e is taken and averagedover all possibleorientations
of e in the solid angle4¥. In eq. (4.19), we similarly take the averageover
the logarithm of its modulus.
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In the caseof uniaxial deformation, where,_ takesa diagonalform
0 _ 1
1:p , 8 0
=@ o0 1=, of; (4.20)
0 0

5

the expressiong4.18) and(4.19) can be calculated explicitly. The appendix
on p. 103 contains the formulae (4.26) { (4.28), which needto be inserted
into (4.17) to give the full rubber elastic energydensity:

" T
2. 2M + 1 1
Felast = él 3M + 1 ,2+ — (4.21)
T A " p #!,
3 2M + 1 1 2 + 5i 1
+-1 (M; 1 + p—bp | i N>
M P——1

arctan i 1
LMD LT e R
s |

In the small deformation limit, where, = 1+ ", expression(4.17) imme-
diately leadsto the Young'smodulus E in Fey Y %E"Z after noting that in
this case,

T Caas 2 T yqe 202 and, in L v 2 (4.22)
== = 5 = 10
For small simple shear, we can write the matrix L as,j = & +"uy,
whereu and v are two orthogonal unit vectors. Expansionsanalogousto
the above onesyield a third of the results in (4.22) obtained for the small
uniaxial deformation. This guararteesthat, asexpected,the shearmodulus

G in Fehear ¥4 %G"Z is onethird of the Young's modulus E:

K 1
1 4 2M +1 1 1M + 5
= _ = 1 — + — H IEE— .
G=3E 3t 1 sMi gy (4.23)
11 .
1 1
Ya 15M forM A 1.

We notice that the secondterm in eq. (4.17) bearssimilarities with the
Doi-Edwards stressfor densepolymer melts after local chain equilibration [2]
in caseof the independernt alignmert approximation. We alsopoint out that
the expression(4.17) is nearly identical to the rubber elastic free energyden-
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sity obtained by Higgs and Ball [6], although they start from a completely
di®eren set of physical and assumptionsand mathematical framework. In
HB, the entanglemerts make the strandsto interact with ead other only at
certain points. This is modelled by forcing the individual strandsto pass
through a certain number of hoops. They e®ectiely divide the polymer
strand into segmets, ead performing a three-dimensionalphantom random
walk. In this approad, the entanglemerts only exert constrairts at points
and allow the polymer to obey free Gaussianstatistics betweentheseinter-
action points. Newertheless the apparert idertity of the nal expressionfor
the rubber elastic free energy density is a re°ection of consistencyin un-
derlying physical conceptsand the mathematical treatment of both models.
The internal similarity of the modelsarisesfrom the treatment of local chain
reptation, equilibrating the distribution of its segmets betweenthe nodesof
primitiv e path, beforeand after the deformation.

From the expression(4.17), we can recover the ordinary free energy %f
a phantom chain network by taking the caseM = 1: Fgpast = %1 Trl:Tt .
This limit meansphysically that the polymer strand is placedin onesingle
tube, tightly con ned to the axis. Mathematically, a random walk in three
dimensionswith the total of N stepsis equivalert to a random walk in
one dimension along a given direction ¢ , with N=3 steps, while the two
perpendicular excursionsin atightly con ning potential do not cortribute to
the global elasticresponse. This fact is the underlying reasonwhy we recover
the phantom chain network result by taking M = 1 in our model. Of course,
in a parallel \ho op model" of HB the caseM = 1 simply meansthat there
are no constrairts.

On the other hand, as the number of tube segmets M becomesvery
large, we obtain a rubber elastic energyof the form

H i—=, —

There are two ways to arrive at this limit of M A 1 in a real physical
situation: either the polymer melt is very dense,causinga high entanglemert
density, or the polymer chain is very long. In the latter case,the polymer
strand experiencesmany con ning ertanglemeris alongits path.

Recall that the Fg5q is the elastic energy density, which relatesto the
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free energy per chain, sud as the eq. (4.15), and is proportional to the

density of elastic strands in the system: Feast / ' = Nekg T, whereng, is
the number of crosslinked strands per unit volume. We can assumethat in

a melt, or a semidilute solution, the chain density is inversely proportional

to the volume of an averagechain, henceinverselyproportional to the chain

cortour length: ne, /¢ 1=L. In the caseof phantom network with afreeenergy
Felast = %1 Tr': . » oneconcludethat Feast ! O as the chains become
in nitely long! This unphysical result re°ects the fact that the phantom

chain model assumeghe entanglemert interactions of the chains irrelevant.

Clearly, this assumptionsbreaks down in the long chain limit, where we
expect the ertanglemernts to play a crucial role.

This unphysical feature of phantom network model is overcomeby our
expression(4.24). As the strands becomelonger, they will experiencemore
entanglemerts, generatingmore primitiv e path nodesand con ning tube seg-
merts. Onecanassumehat the number of entanglemeris scaledinearly with
the strand lengthL: M / L, in fact: M = N=N, with N, the characteristic
erntanglemen length, essetially the averageof s;,. Consideringexpression
(4.24), with Ny, = 1=(Vmonomer N ) (the inversevolume of the chain in a melt),
we note that the correspnding elastic free energy Feast does not vanish
inthe limit L ! 1. At M A 1 the constart plateau modulus becomes
IM = Kg T=(VmonomerNe). AS 0One expects, in an entangled polymer system
there is no real di®erencebetweenthe network and the melt and they both
have the sameplateau modulus { with the corollary that the entanglemern
length N must be much smallerin the permanertly crosslinked network.

4.5 Conclusion

In this chapter, we have analysedthe behaviour of a polymer network in
presenceof entanglemers, which are treated within a classicalmean- eld
tube model. We found that this leadsto an elastic energywhich is similar
to the one derived in the hoop model of HB [6]. We claim that our model
captures the physics of entanglemerns in a better way than HB, sincethe
ertanglemens at a microscopiclevel do not somuch localisethe polymer at
“xed points in spacealongits path, but rather impedethe chain °uctuations
on a length scalewhich is much larger than the size of monomers. This is
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Figure 4.2 The Mooney-
Rivlin plot: the reduced f*
stressfunctionf® = ¥=(, | 11
=,2) plotted against 1= .
Data points from the anal-
ysis of ref. [4] are tted o9
by the result arising from
full rubber elastic energy
(4.17). Fitting indicates ;-
that M A 1 and the equa-
tion (4.24) is a good ap- o 1 2 3 4 5 6 7
proximation.

0.8

due to the fact that the ertanglemens are causedby neighbouring strands,
which likewise®uctuate. In this sense,our model providesa rmer ground
of the theoretically known and experimertally tested results.

Since our results for the isotropic rubber are identical to the onesby
HB and theirs have been extensiwely comparedwith experimertal data in
a review by Higgs and Gaylord [14], we do not needto include a similar
comparisonhere. We only remark that the theoretically predicted curve for
the reducedstressfunction f * agreeswith the experimertal data to a good
level, see g. 4.2.

Our model only descrikesthe equilibrium responseof a network to defor-
mation. Shortly after applying the deformation, traditionally assumedatne
on the level of primitiv e path segmets, the network nds its chainsfar from
the microscopicequilibrium. Ead strand then redistributes its monomers
betweenthe deformedtube segmets, attributing more monomersto some
segmels, lessto others. This processproceedsvia the local reptation, the
sliding motion along the primitiv e path, and is re°ected by a time depen-
denceof the variable s,,. This number of monomersattributed to the tube
segmeh m is changing after the deformation, betweena the initial value s,
in the eq. (4.13) and the correspnding saddle-mwint valueat ¢ © = J_C mi.
By describing the asseiated relaxation process,our model can be natu-
rally extendedto descrilke the short-time viscoelastic response of an ideal
crosslinked network (with no loopsand dangling ends,leadingto long relax-
ation of stress);the characteristic time of sut a reptation dynamicsis the
Rousetime, sincethe dominarnt processis the monomerdi®usionalong the
principal path.
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4.6 Appendix: evaluation of quenched averages

To ewaluate the thermodynamic averageht ,¢ i, m;n = 1;:::;N in eq.
(4.16), one needsto average¢ ¢, = j¢ jj¢ ,j with the probability dis-
tribution given by eq. (4.14). For this purpose,one rst hasto nd the
normalisation N for the distribution, which can most easily be achieved by
introducing a new scalarvariable u = r“,f:l ¢ ., to simplify the exponent of
this distribution. Note that the distribution (4.14) and the moduli ¢ ., are
invariant under rotations of the vectors ¢ ,,, hencethe angular integration
is trivial:
3

exp i

3
2a2N m=1
D

4 . 3 2

_ LY ez’

= d¢m du + uj m=l¢m W
A .3 uzZU yes

= (41/)M du——— d¢ 1¢ % de -C % cee
0 0 0

uittg ¢ m; 2

dey;1Cf, 1 CUi Coi GO €y, q)°

0

In the last step, we introduced slgherical coordinates for the variables¢ ,,,
implemerted the constraint u = ¢ ,, and usedthe fact that the variables
¢ are bound to be positive. The underlined expressionis a function of
u, which we call 1 (u). Sincethe integrals only involve power functions,
Im (u) itself is a power in u, whoseorder can be determinedby courting the
dimensions:

1 .
Iy (u) = EUWI L. (4.25)




102 4. A tube model of rubber elasticity

Using the de nition of I (u), we can nd a recursiwe relation:

Zu Uz ¢ 1] [ui gali ¢2
lwsa(u) =  d¢,¢2  de L¢3 de ,¢ 2 ¢ee
0 0 0
[ui ¢1]peq ¢ 2
¢oe dew; 165, 1 6Qui ¢adi G2 GG €y, 1)
0
Zu

2 u3(M +1)i 1
SMGBM + 1)(BM +2) Xy

de 163y (uj ¢4) =
0

wherein the last step, we have usedeq. (4.25) to replacely (uj ¢ ) under
the integral.

Hence,applying eq. (4.25)to | v +1 (u) yieldsarecursive for the coexcients
Xwm: 1
XM+ = ESM (3M + 1)(3M + 2)XM .

Sincely =1 (u) = u?, all coexcients X and henceall functions Iy (u) are
known. The remaining integration over u is a standard Gaussianintegral.

Having obtained the normalisation constart N, we can proceedto calcu-
late the averaged® ¢ ,i. The calculationsare very similar to the above one
for N'; the only signicant di®erenceis the angularpart of the integration
which producesterms of the form %TrltT and :for the casem = n or
m 6 n respectively.

=

For the logarithmic term, onein fact nds that only the angular integra-
tion yields relevant terms:

* " #+
W 1Zl eiggwuzzu Zui¢1
In ¢Cm = = du—/——— d¢.¢F  d¢,¢3 e
m=1 N o u™! 0 0
ZUi¢¢¢(¢Mi2
de v 165, 1 (Uj Cqj CEE Cy;o1)?
R 5 !
\d h - = - -
d'm In ¢1:el +¢¢¢+¢Mi1teMi1
m=1

S |
+HUuj C1j ¢ Cy,;1), eum

with the unit vector e,, speci es the (arbitrary) orientation of the corre-
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sponding tube segmenh ¢ ,,. Then one obsenes:

h - = - - - g
In ¢1§_el+¢¢¢+¢|\/|i14_e|v|i1 +(UL¢1i ¢¢¢| ¢Mi1)¢_e|\/|
- . " A_ _ ! #
£ o h- 1 i 1 . em_ ¢,
= Inu+In _ey +In 1+ = i1 —
= . e u
" fz )

) small sinceuaj ¢ mj
e d e

Y4 In ey + const

3=

— = 1 s

In caseof a uniaxial deformation 4.20, the evaluation of Tr'_ e e
and In cf. eqs. (4.17){ (4.19) has beengiven beforeand elsewherd14],
but for completenesave state them here as well:

5 )

T T T = 24 = (4.26)
- A Cgp, Pes !
= 1 1 324 3T
_ £ ® t 37 1
In = In[]; 1+ 2GR0 .71 = (4.28)
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